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Input Impedance of a Coaxial Line Probe Feeding

a Circular Waveguide in the TM ~1 Mode

R. H. MACPHIE, SENIORMEMBER,IEEE,M. OPIE,
AND c. R. RIES

Abstract —By means of the conservation of complex power techniqne

(CCPT), a formally exact frill-wave sointion is given for the case of a

coaxial line probe feeding a circnlar wavegnide for TM ~1 modal excitation.

The overall scattering matrix of the coaxiaf line probe-circular waveguide

system is dednced and numerical results for the impedance as ‘<seen” by

the coaxial line are presented and compared with experimental results

obtained in the 9.0-11.5 GHz frequency range.

I. INTRODUCTION

Coaxiaf transmission line discontinuities received early atten-

tion in a classic paper [1] by Whinne~, Jamieson, and Robbins,

who used full-wave modal analysis to obtain the equivalent

shunting capacitances for a variety of such junctions. About a

quarter of a century later, Risley [2] [3], by combining modaf

analysis and the Rayleigl-Ritz variational technique, considered

the junction of a coaxial line with a larger circular waveguide.

A natural sequel to Risley’s work is to let the coaxial line’s

center conductor extend into the circular guide (as in Fig. 1),

thereby creating au axiaf probe which efficiently excites the TMOI

mode in the circular guide. The present paper provides a full-wave

solution to this problem; the conservation of complex power

technique (CCPT) [4]– [6] and the generalized scattering matrix

technique [7] are used and numerical results are presented for a

variety of cases. Moreover, expenmentiif results for a circular

guide with a TMOI mode cutoff frequency of 8.14 GHz fed by an

axial probe and a 50 Q semirigid coaxiaf cable show quite good

agreement with the numericaf results obtained by the CCPT.

II. SOLUTION OF THE SCattering PROBLEM BY THE

CONSERVATION OF COMPLEX POWER TECHNIQUE

Fig. 1 illustrates the geometry of the coaxial line-circular

waveguide junction. We assume that the permittivities are Cl for
~ <0, co for z >0 md that p. = PO everywhere. There are, effec-

tively, three waveguides, i.e., the small coaxial line for z <0

(guide 1), the larger coaxiaf guide for 0< z < h (guide 2, the

probe antenna region), and the circular guide for z > h (guide 3).

There are two junctions, at z = O (junction xl) and at z = h

(junction B), at which scattering will take place. In particular we

are concerned with the scattering of a TEM (TMOO ) field incident

from the small coaxial line and with deducing the effective load

impedance ZL at z = O.

At each junction (,4 and B) it is straightforward, using the

CCPT, to obtain the scattering matrices [&] and [SB] for the

modal amplitudes of the TMO,ti fields excited by a TEM coaxial

line field incident from guide 1. The analytical expressions for the

elements of the E-field mode matching matrices [ E~ ] and [ EB ],
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F,g 1 A circular waveguide fed by a coaxial line probe for TMOI mode

excitation

TABLE I

CONVERGENCE OF r = S;l,OO FOR THE CASE OF c1 = 2.00c0, q = CO,

q = 0.456 mm, bl =1.50 mm, bz = b~=14,1 mm, f =10 GHZ

, Iv,=lv, ,,
3 4

30 r =0,16650 – jO.34122 r = 0.16656 – jO.34114

40 r = 0.16653 – jO.34113 r = 0.16660 – jO.34105

necessary to deduce [S4 ] and [S~ ], are given in the Appendix.

Using [S~ ] and [S~ ] with the generalized scattering matrix tech-

nique [7] we can obtain an expression for the scattering matrix

[S~l] for the overall cascaded junction which relates the TMoti,

mode amplitudes backscattered in guide 1 to those incident from

the same guide:

[S:I]=[Sfl] +[Stz][L~][S~][ G~][L,][~fi] (1)

where

[G1]-l= [~]-[~2][&j] [&][~~] (2)

and [ Lz ] is the diagonal equivalent transmission line matrix for

guide 2 whose elements, for TMo~ modes, are given in the

Appendix; [1] is the identity matrix.

Of particular interest is the TEM reflection coefficient in guide

1, given by

r=%,mn I = s;~ ,~() (3)
~=n =()

i.e., the 00th element of [~:1 ]. From r we obtain the TEM

normalized load impedance

l+r
2L=+=—

l–r
(4)

0

where Z. is the coaxial line’s characteristic impedance.

IIL NUMTRCAL fLESULTS

In normal practice the outer radius bl of the coaxial line is

very much smaller than the radius b of the circular guide (see

Fig. 1). In order to avoid the relative convergence problem [7] at

junction zt, in the numerical calculations we typically used three
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F,g. 2. The experimental setup; a circular guide (~c~o~ = 8.14 GHr) fed by a

Z.= 50 Sl semirigid coaxial line probe.

modes in guide 1 ( NI = 3) and Nz = 200 modes in guide 2 to

compute the scattering matrix [ S~l ] in (1); moreover, in all cases

N2 /N1 > b/bl, to avoid relative convergence. Fortunately [Sfi ] is

of size N1 X NI and to calculate it [4] one needs to invert a matrix

of size 3 x 3 only. Moreover if only the TMOI mode can propa-

gate, then most of the Nz = 200 mode fields transmitted into

guide 2 will have negligible amplitude when they reach junction

B at z = h. As a result, in our computations involving [llB ] we

typically set N2 = N3 = 40. To illustrate the accuracy of such a

computing strategy we calculated r = ~fl ~0 for a typical case

with N1 = 3, 4 and N3 = 30, 40. The result; are shown in Table I

and indicate that the accuracy is probably better than 0.1 percent

when Nl = 3 and N3 = 40.

The particular case considered in Table I is one that was

realized in practice. The coaxial line’s parameters correspond to

those of the Z. = 50 Q semirigid coaxial cable with a = 0.456 mm

and bl =1.50 mm. The circular guide with bj = b =14.1 mm was

brass tubing with a 1.25 in OD, a wall thickness of 0.075 in, and

a cutoff frequency for the TMOI mode of 8.14 GHz. A movable

short-circuited (S. C.) termination was used, as shown in the

schematic diagram of the experimental setup in Fig. 2. Then

Deschamps’s method [8] yielded the reflection coefficient r and

hence, via (4), the normalized load impedance ~~ for a variety of

frequencies and probe lengths h.

The theoretical and experimental results are given in Fig. 3.

Their agreement is reasonably good except at the lower frequen-

cies (~< 10.0 GHz), where the TMOI mode in. the circular guide

is close to its cutoff frequency (8.14 GHz). We note that for a

probe length of 10.5 mm and at a frequency of about 10.95 GHz,

the theory predicts that ~~ =1, a matched load. Our experimen-

tal results at 11.0 GHz indicated a ~~ = 1.34+ j0,22, for which

lrl = 0.18, quite close to a matched load.

Additional numerical results are given in Fig. 4, where the

coaxial line with C,l = 2.26 (polyethylene) has a characteristic

1 2.= 5osl

h = 4.5mm
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Fig, 3. Comparison of experimental and theoretical results for the experi-

mental setup of Fig. 2: normalized load impedance versus frequency for

probe lengths of h = 4.5 mm, h = 7.5 mm, h = 9.0 mm, and h = 10.5 mm,

impedance Z~ = 750. The probe di~neter is a = O.OIX (A is the

free-space wavelength) and the normalized probe length h/A is

varied, with b as a parameter. For b = 0.25A no mode can

propagate in the circular guide, which therefore would appear to

the central coaxial guide’s propagating g TEM mode as a capaci-

tive load Z~B = – jl X~~ 1,at junction B (see Fig. 1). At junction

A this load is “seen” through the length h of the second guide,

and as h increases it would appear to move on a Smith chart in a

clockwise direction around the periphery. A change in h/A of 0.5

should correspond to a complete revolution. [n Fig. 4 we see that

for b = 0.25k, ~~ = –2.0 when h/A== 0.1 and when h/1= 0.6.

The correspondence is not perfect since higher order mode ener-

gies play a certain role.

At b = 0.5A the TMOl mode in the circular guide can propa-

gate. As h/A increases, so does j~~, with a corresponding

decrease in the capacitive reactance ~~, just as with a short

monopole.

When b = 0.75A the ~~ characteristic is almost identical to

that for b = 0.25A, the cutoff case, possibly because the TM02

mode is only slightly below cutoff in the circular guide. This

requires a large amount of capacitive stored energy in its field for

z > h and with such a large capacitive load reactance at junction

B the corresponding load at junction .4 will again vary greatly as

h/A is changed.

For b = 1.OA, both the TMOI and TM02 modes in the circular

guide can propagate; this gives a larger ~~ (compared with the

b = 0.5A case), as well as a more rapidlly varying ~~.



336 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 38, NO. 3, MARCH 1990

t

zo=75fl I ~~AO, (b=0,25k)

o ❑ 0.01 A

IOZJ

I –

Ixd 0
-1 –

–2 –

–41 1 I 1 I 1 / I I *

0.0 0.2 04
d

0.6

hl~

Fig. 4. Normalized load Impedance of the probe fed circular guide as “seen”

by a coaxial hne (ZO = 75 Q, a = O.OIA) as a funct]on probe length h/A

with gtude radius b as a parameter.

IV. CONCLUSION

The conservation of complex power technique is a reliable

method for modaf amdysis of scattering at waveguide junctions

[4]-[6]. Our theoretical and experimental results for the present

case of a coaxial line probe feeding a circular waveguide indicate

that the CCPT can be used for configurations of considerable

complexity. Moreover the amount of computation involved, as

explained in Section III, is quite reasonable.

Finally, it is important to point out that if the radius of the

third guide (see Fig. 1) is increased without limit ( bq + co) then

junction B becomes a coaxial line terminated in an infinite

ground plane. The scattering matrix [S~ ] of such a junction is

available [9]. Moreover if the radius bz of the second guide in

Fig. 1 is then allowed to increase, we have in the limit as bz - m

a coaxial line feeding a monopole antenna over an infinite

conducting ground plane. The CCPT solution to this very inter-

esting and practical problem will be the subject of a paper in the

near future.

APPEN~IX

MATRICES USED TO DETERMI~ [S~] AND [&]

[EA] (at the Coaxial-Coaxial Junction A)

The E-field mode matching matrix [ E~ ] at junction ,4 (see Fig.

1) has, for TMo~ modes only, as its nm th element:

EnA~,=27 ~;’”!;,, [BlmPz2(&lP) -Z1(P2.P)
r?,

-Bz.Pz,(B,mP)zz(PznP)]l; (Al)

where, for i =1,2 and q =1, 2,. ... /llq satisfies the transcen&n-

[yo(llq~,).@,qp)-Jo (fl,qb,)Y(B,,p)] . (A3)

For those cases involving the TEM or TMOO mode, if No=

[277 ln(b, /a)]-’/’, then

‘~o=-2nNlo[zo(B2pE;m = O (A5)

and

‘0(B2’’p)’T%
[. L(Lp)h(B2.a)- 4( LLa)yo(B2,zp)].(M

[EB] (at Coaxial-Circular Waveguide Junction B)

In this case, if&n bq is the n th root of Jo(x), the E-field mode

matching matrix, for TMoq modes only, has as its nm th element:

( 7/4)1’’132,n&H

‘:m = &b3.J1( &nb,)( i%? - f%!)

where, for i=l,2 and m+O

z,(x) =—

‘[ii 1

l/2

—–1

[Z(x)K(&,.a)-7( x) JO(&a)]. (A8)

Ifm=O, n=l,2,. ...

2a#/2N20
En; = ~,nb,Jl(p,nb,) [Jo(&.b2) -Jo(&,,a)]. (A9)

The Line Matrix [L:j

The ninth element of the diagonal line matrix [La] used in (1)

and (2) is

L ‘,?lm =
e–hnh~n,n (A1O)

where yz~ is the propagation constant of the TMo~th mode in

guide 2.

Then, as described in detail in [4] and [5], the conservation of

complex power technique can be used to obtain the two scatter-

ing matrices [$] and [SD].
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An Experimental Technique for In Viw Permittivity

Measurement of Materials at

Microwave Frequencies

KATIf? F. STAEBELL AND DEVENDRA MISRA, MEMBER,IEEE

Abstract —This paper involves the formulation of a new procedure to he

used in making in vioo dielectric measurements with an open-ended coaxiaf

line probe. The theory behind the tecfmiqne is discussed afong with a

correction method to account for the system imperfections. Experimental

results are compared with the corresponding data available in the litera-

tie. The limitations of this tecfmique are considered.

I. INTRODUCTION

In order to understand the interaction of an electromagnetic

field with a material medium, it is important to accurately know

its complex permittivity. This information is also desired in many

areas of science and engineering, including process control in

industries and diagnostic and therapeutic application of mic-

rowaves in biomedical engineering. Classical methods of mea-

suring the permittivity of a material require special preparation

of a sample that is placed inside a waveguide or cavity and,

hence, are not suited for many modern applications. For exaru-

ple, in the case of biological materials, in uivo properties are-

desired. An open-ended coaxial sensor has attracted several-

resea.rchers because of its applicability in nondestructive mea-

surement over a broad frequency baud. However, the relation

between the measured reflection coefficient and complex permit-

tivity of the material is not simple. Several attempts have been

made to devise a practical way of determining the perrnittivity

from the measured data [1]. Recently, Marskmd and Evans
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reported a bilinear transformation scheme to account for the

imperfection in the measuring system in conjunction with an

equivalent circuit model for the coaxial opening [2]. However,

this technique is restricted at high frequencies by the inadequate

circuit model for the probe.

The present approach is based on a quasi-static analysis of the

coaxial sensor to formulate a relatively more accurate equivalent

model [3], [4]. The experimental results determined by this method

are compared with the correspond ng values available in the

literature over the frequency range of 1 to 20 GHz. The limita-

tions of this technique are also considered.

II. THEORETICAL BACKGROUND

A stationary formula for the aperture admittance of an open-

ended coaxial line terminated by a semi-irlfinite medium on a

ground plane is given in [3]. Under a quasi-static approximation,

this expression reduces to

2011 @3Po~2 *2

‘L=~[ln(b/a)J2(*- J [ln(b/a)]2(

-[ 1
43/2 ~2_a2 2

7rfd PO

+—
12 ln( b/a)

.*’/’ (1)

where a and b me the inner and outer radii of coaxial aperture,

respectively; p. is the permeability of free space; C* is the

complex permittivity of the semi-infinite medium; a is the angu-

lar frequency of electromagnetic fields; and II and 12 are two

triple integrals dependent on the radii but constant otherwise [3].

The medium under consideration k assumed to be linear,

isotropic, homogeneous, and nonmagnetic. Other details of this

formulation are available in [3] and, therefore, are omitted for the

sake of brevity.

The first term of (1) represents a capacitance; the third one,

radiation conductance, is used in an equivalent circuit model by

several researchers [1], [2]. The seccmd term of this equation

represents a frequency-dependent capacitance, which is new and

probably responsible for restrictions at high frequencies in the

work reported by Marskmd and Evans [2]. It is to be noted that

this term is important in comparison to the radiation conduc-

tance (third term) because of its contribution even around

1 GHz.

III. SYSTEM CALIBRATION

In formulating (l), an infinite conducting flange is assumed

over the coaxial aperture. However, it is not used in practice

because it is inconvenient. Also, small discontinuities between the

aperture and the reflection meter (due to connectors, etc.) cannot

be avoided. In order to account for these imperfections, we

consider an equivalent two-port network connected between the

meter and the coaxial opening. The actual admittance of the

aperture terminated by a sample is evduatedl from the measured

reflection coefficient after calibrating ithe system with three stan-

dard materials as follows [2], [4]:

8x*i332~–Y1 y3–y2=_

Y, – Y2 “ Y1– Y3 ?i,2813
(2)

where ~ is the desired aperture admittance terminated by the
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